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Abstract. In this paper, two new lemmas are proved and inequalities are es- 
tablished for co-ordinated convex functions and co-ordinated s— convex func- 
tions. 



1. INTRODUCTION 

Let / :/ CM— j^Kbea convex function defined on the interval / of real numbers 
and a < b. The following double inequality; 



b 
a 

is well known in the literature as Hadamard's inequality. Both inequalities hold 
in the reversed direction if / is concave. 

In [8], Orlicz defined s— convex functions as following: 

Definition 1. A function f : K+ — > M, where = [0, oo), is said to be s— convex 
in the first sense if 

f{ax + Py)<a'f{x) + p'f{v) 

for all x,y ^ [0, oo), a,/3 > with a"^ + (3^ — 1 and for some fixed s G (0, 1]. We 
denote by the class of all s— convex functions. 

Definition 2. A function f : K+ — > M, where = [0, oo), is said to be s— convex 
in the second sense if 

f{ax + f3y)<a'^f{x)+(5'f{y) 

for all x,y G [0, oo), a,/3 > with a + /3 — 1 and for some fixed s G (0, 1]. We 
denote by K"^ the class of all s— convex functions. 

Obviously, one can see that if we choose s — 1, both definitions reduced to 
ordinary concept of convexity. 

For several results related to above definitions we refer readers to [B] , , [13] • 
In f2], Dragomir defined convex functions on the co-ordinates as following: 
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Definition 3. Let us consider the bidimensional interval A ~ [a, b] x [c, d] in 
with a < b, c < d. A function / : A — > M will be called convex on the co- 
ordinates if the partial mappings fy : [a, b] R, fy{u) = /(u, y) and fx '■ [c, d] R, 
fx{v) = f{x, v) are convex where defined for all y S [c, d] and x € [a, 6]. Recall that 
the mapping f : A ^ R is convex on A if the following inequality holds, 

f{\x + (1 - X)z, Ay + (1 - X)w) < \f{x, y) + (1 - A)/(z, w) 

for all {x, y), {z, w) G A and A £ [0, 1]. 

In [2], Dragomir established the fohowing inequahties of Hadamard's type for 
co-ordinated convex functions on a rectangle from the plane M^. 

Theorem 1. Suppose that / : A = [a, 6] x [c, d] — > R is convex on the co-ordinates 
on A. Then one has the inequalities; 



(1.1) 



a + 6 c + d 



< - 



< 



2 
1 



b — a 
1 



{b-a){d-c) 



f{x,y)dxdy 



< 



1 



(b-a) A 
1 



f{x, c)dx + 



1 



[d-c) 



f{a,y)dy 



1 



id 



f{x, d)dx 



fib,y)dy 



< 



/(a,c) + /(a,d) + /(&,c) + /(&,d) 



The above inequalities are sharp. 

Similar results can be found in [5], 0, [I^ and |11) . 

In |10j . Alomari and Darus defined co-ordinated s— convex functions and proved 
some inequalities based on this definition. 

Definition 4. Consider the bidimensional interval A = [a, b] x [c, d] in [0, oo)^ with 
a < b and c < d. The mapping / : A — )■ R zs s— convex on A if 

f{\x + (1 - \)z, Ay + (1 - X)iv) < yf{x, y) + (1 - A) w) 

holds for all (x, y), (z, w) G A zwif/i A G [0, 1] and /or some fixed s G (0, 1]. 

In [121 , Sarikaya et al. proved some Hadamard's type inequalities for co-ordinated 
convex functions as foUowings: 



Theorem 2. Let f : A C 



be a partial differentiable mapping on A := 



, b] X [c, d] in with a < b and c < d. If 



dtds 



is a convex function on the 



SOME INTEGRAL INEQUALITIES 



3 



co-ordinates on A, then one has the inequalities: 
(^2) f{a,c) + f{a,d) + f{b,c) + f{b,d) 



4 



< 



where 



— I I f{x,y)dxdy - A 
a){d-c) 

ia,c)+ ^ {a,d)+ ^ {b,c) + 



{b-a){d-c) 



dtds 



dtds 



{b,d) 



16 



ib 



^ 1^ [f(x,c) + fix,d)]dx + jj^J^ [fia,y)dy + f{b,y)]dy 



dtds 



Theorem 3. Let f : A C 

[a, b] X [c, d] in with a < b and c < d. If 
the co-ordinates on A, then one has the inequalities. 
^^3^ fia,c) + f{a,d) + f{b,c) + f{b,d) 



be a partial differentiable mapping on A := 
— q > 1, is a convex function on 



1 



4 

b rd 



< 



{b-a){d-c) 

{b-a){d-c) 
4(p+ 1)^ 



f{x,y)dxdy - A 



dtds 



{a, c) + 



dtds 



(a, d) + 



dtds 



ib,c) + 



dtds 



{b,d) 



where 



A='- 
2 



1 



[f{x,c) + f{x,d)\ dx ■ 



{d-c) 



and i + i 
p q 



(b - a) J a 
= 1. 

Theorem 4. Let f : A C 

[a, b] X [c, d] in with a < b and c < d. If 
the co-ordinates on A, then one has the inequalities: 
^^^^ f{a,c) + f{a,d) + f{b,c) + f{b,d) 



[f{a,y)dy + f{b,y)]dy 



be a partial differentiable mapping on A := 
q 

— — 9 > 1 ) is a convex function on 



dids 



1 



4 

b rd 



< 



{b-a){d-c) y„ 
{b-a){d-c) 



f{x,y)dxdy - A 



df_S_ 



dtds 



(a, c) + 



dtds 



ia,d) + 



dtds 



ib,c) + 



dfj_ 



dtds 



ib,d) 



16 



where 



(b 



^ f [f{x,c) + f{x,d)]dx + -^ [\f{a,y)dy + f{b,y)]dy 
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In [T], Barnett and Dragomir proved an Ostrowski-type inequality for double 
integrals as following: 

Theorem 5. Let f : [a,b] x [c,d] — ^ M &e continuous on [a,b] x [c,d\, f'J.y — q^q^ 
exists on (a, b) x (c, d) and is hounded, that is 



\f" 



sup 

(x,y)£(a,b) X (c,d) 



dxdy 



< oo. 



then we have the inequality; 
b d 



(1.5) 



f{s,t)dtds - {b - a) / f{x,t)dt 



-{d-c) I f{s,y)ds-{b-a){d-c)f{x,y) 



< 



a + b 



{d-cf 



c + d 



f" 



for all (x, y) G [a, 6] x [c, d] . 

In 0], Sarikaya proved an Ostrowski-type inequality for double integrals and 
gave a corollary as following: 

Theorem 6. Let f : [a, b] x [c, d] — 5- M 6e an absolutely continuous functions such 
that the partial derivative of order 2 exist and is bounded, i.e., 

d^f{t,s) d^fit,s) 



dtds 



— sup 



dtds 



< oo 



for all {t,s) G [a,b] x [c,d]. Then we have, 

- Oil) [(32 - "2)/ 



+ H (ai,a2,/3i,^2) + G (ai, a2, /3i, /^z) 



(/32 - «2) / fit 



dt~il3,^ai) / / 



a + b 



,s]ds 



(1.6)- / [(a2 - c) / (t, c) + {d- fit, d)] dt 



b pd 



[(ai -a)f (a, s) + [b - p,) f{b, s)] ds + / fit, s)dsdt 



< 



{ai - af + {b~ (5^f (a + b- 2aiY + {a + b- 2(3^)' 



(a2 - cf + (d - j32f [c + d- 2a2f + (c + d ~ 2^2? 



for all (ai,a2) , (/3i,/52) G x [c,d] with ai < f3i, a2 < P2 where 
H {ai,a2,(3i,l32) 
= ("1 - a) [{a2 - c) f{a, c) + (d - /Sa) f{a, d)] 
+ (6 - /?i) [(a2 - c) /(6, c) + (d - /32)/(6, d)] 



9V(i,s) 
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G(ai,a2,/3i,^2) 

("2 - c) / 



+ - "2) 



a + 6 



a + 6 



(ai - a) / a, 



Corollary 1. Under the assumptions of Theorem\^ we have 



(1.7) 



(b - a) (rf - c) / 



(d-c) fit, 



2 ' 2 



dt-ib-a) f 



f{t, s)dsdt 
a + b 



ds 



< 



16 



d^fit,s) 



dtds 



{b - af {d - cf , 



In |3| , Pachpatte established a new Ostrowski type inequality similar to inequal- 
ity (jl.Sp by using elemantery analysis. 

The main purpose of this paper is to establish inequalities of Ostrowski-type 
for co-ordinated convex functions by using Lemma 2 and to establish some new 
Hadamard's type inequalities for co-ordinated s— convex functions. 

2. INEQUALITIES FOR CO-ORDINATED CONVEX FUNCTIONS 

To prove our main result, we need the following lemma which contains kernels 
similar to Barnett and Dragomir's kernels in [T], [see the paper [T], proof of Theorem 
2.1]. 

Lemma 1. Let / : A = [a, 6] x [c, d] ^ ^ be a partial differentiate mapping on 
A [a, b] X [c, d\ . If G L (A) , then the following equality holds: 

f 



dtds 
a + b c + d^ 



1 



(d-c) 



f 



1 



2 

b rd 



y]dy- 



1 



(b-a) A 



fix 



dx 



[b -a){d- c) J a Jc 



fix,y) dydx 



{b -a){d- c) J a 



P{x,t)q{y,s) 



d'f fb-t 



dtds V 6 - 



t — a , d — s s — c 



b — a d — c d — c 



d dsdt 



where 



and 



p{x,t) 



for each x G [a, b] and y G [c, d] 



it 


- a) , 


tG [a,^] 


it 


-b), 




is 


-c), 




is- 


-d), 


se{^,d] 
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Proof. Integration by parts, we can write 



d Q2f 

p{x,t)q{y,s) 



dtds V b 



b-t 



{b -a){d- c) J a 7c 
= I Q{y,s) ('-''^dtd-s[b^a''+-b^a''^J^c'+d^/ 



t — a , d — s S"C , 
0, c + d dsdt 



dt 



/■^ . ,-.9"^! (b-t t-ad-s s-c\' 

+ (t-b)^{T 0+7 b,- C+- d)dt 

Ja+b otos \o — a b — a d — c d — c J 



ds 



- f 

J c 



Q{y,s) 

a+b 



{t-a) 



df 



ds \b — a 



b — t t — a , d — s s — c , 
a + 6, c + d 



b—a d—c d—c 



df f b — t t — a , d — s s — c , , , 
' a + - b,- c+- d]dt 



ds \b — a 



+ 



it-b). 



df fb-t 



ds \ b — a 



df (b-t 



b—a d—c d—c 



t — a d — s s — c 
b—a d—c d—c 



a±b 



t — a , d — s s — c,,,,, 

„ , , « , ■; 0, c + d I dt } ds. 

a+b ds \o — a b — a d — c d — c 



We obtain 



-b ,.d 



V{x,t)q{y,s) 



{b -a){d- c) i„ 



d'f 



dtds \b — a 



b-t t — a , d — s s — c,,,, 
a + 0, c + d I dsdt 



b—a d—c d—c 



d — s s — c 
c+ d 



dffb — t t — a , d — s s — c , , , , , 

IT I « + I ^' 1 c + d 1 dt J. ds. 

ds \b — a b — a d — c d — c 



By integrating again, we get 



{b -a){d- c) 

a+d 



f 



P{x,t)q{y,s) 



d^f (b-t 



dtds \b — a 



t — a d — s 
b—a d—c 



= {b-a) 



(s-c) 



df f a + b d — s 
ds 



d ds 



+d ds 



df f a + b d — s 



c + 



2 'd—c d—c 



d I ds 



fAf"^^ ,df (b-t t-ad-s s-c\, 

■/ / is-c)^{- a+- b,- c+- d]ds 

Ja Jc ds \b — a b — a d — c d — c J 



dl 

ds \b — a 



b-t t — a , d — s s — c , . , 
a + 0, c + d I ds 



b—a d—c d—c 



d — c 



d dsdt 
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By calculating the above integrals, we have 

1 , , , , d^f fb-t t-ad-s s-c \ 

{b-a){d-c) i I P^''^'^''^y''^dtd-s[b^a''^b^J'd^c'^d^cV 

= (6-a)(c^-c)/(^,^) 

Jh-t t-ad-s s-c\,, 

/ / / 1 a + b, c + d dsdt. 

Ja Jc \o — a — a d — c d — c J 

Using the change of the variable x = fr^a + |Ef ^ and y = ^E^c + ^E^d, then 
dividing both sides with {b — a) x {d — c) , this completes the proof. □ 



Theorem 7. Let / : A = [a, 6] x [c, ci] — )• K 6e a partial differentiable mapping on 
A = [a, b] X [c, d] . If -g^^ is a convex function on the co-ordinates on A, then the 
following inequality holds; 



(2.1) 



a + b c + d 
2 ' 2 



a + h 



,y]dy 



fix 



c + d 



{d-c)J, V 2 'V ^ {b-a)J, ■' V 2 
^J'jyix,y)dydx 



dx 



< 



{b-a){d- 

{b -a){d- c) 
64 



d'f 



dtds 



(a,c) 



+ 



d^f 



dtds 



{b,c) 



+ 



d^f 



dtds 



{a,d) 



+ 



d^f 



dtds 



{b,d) 



Proof. From Lemma 2 and using the property of modulus, we have 



a + b c + d 



[d-c) 



f { —K-^y ) dy 



1 



2 

b i-d 



1 



(b - a) J a 



f ( X, 1 dx 



(b-a) (d-c) A 



f {x, y) dydx 



< 



{b- 



— - I I \p{x,t)q{y,s)\ 
a) [d - c) i„ 



d^f fb — t t-a d-s s — c 



-a + 



-c + 



dtds \b — a b — a d — c d — c 



-d 



dsdt 



M. EMIN OZDEMIR*, HAVVA KAVURMACI*'*, AHMET OCAK AKDEMIR*, AND MERVE AVCI* 



Since 



dtds 



is co-ordinated convex, we can write 



< 



a+h c+d 



f ( ^^'y 1 '^y 



-TT} T / / f{x,y)dydx 

a) [d - c) 



f (x, 1 dx 



1 



{b -a){d- c) 

X / \q{y,s)\ < 



(t-a) 



b-t 
b — a 



dtds 



+ 



+ 



/ ' {t-a) 

J a 

(b-t) 



t — a 
b — a 
b-t 
b — a 

t — a 
b — a 



d^ff, d - s s — c , 

^^1 "+1 

d — c d ~ c 



dtds 
d'f 



dtds 

d'f 



d'^ff d - s s - c , 

a, c + d 

d — c d — c 

dt 
dt 



d — s s — c , 

a, c+ d 

d — c d — c 



dtds 



, d — s s — c , 

b, c+- d 

d — c d — c 



dt > ds. 



dt 



By computing these integrals, we obtain 



a+b c+d 
2 ' 2 



id-c) 



a + b 



2 



,y]ds 



1 



(b - a) J a 



dx 



< 



{b 

jb-a) 
8{d-c) 



+ 



fkiv 

J c 



rd Q2f 
J c 

d'f 



d — s s — c , 
a, C + d 



dtds \ ' d — c d — c 
ds. 



, d — s s — c , 

0, C + d 



dtds \ ' d — c d — c 



dtds 



Using co-ordinated convexity of 
f a + b c + d \ 
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again, we get 



(d-c) 



1 



2 

b rd 



1 



(b - a) J a 



f ( X, — I dx 



{b -a){d- c) 



f {x, y) dydx 



< 



jb-a) 
8 {d-c) 

l-d 



d — s 

d — c 



±d 
2 

c + d 





d- 


s 




d- 


c 


dtds 




'd- 


- s 


d'f 


-c) 


d- 


- c 


dtds 




'd- 


s 




^) 


d- 


c 


dtds 



{a, c) 
(&,c 
(6,c) 



dtds 
ds 



(a, c) 



ds 



{s-c) 



s — c 



d — c 



ds - 
ds - 



2 

c + d 



(d-s) 

is~c) 
(d-s) 



d — c 



dy 



s — c 
d — c 

s — c 
d — c 



dtds 



dtds 



{a,d) 
{b,d) 



dtds 
ds 



(a,d) 



ds 



dtds 



{b,d) 



By a simple computation, we get the required result. 



ds 
□ 



Remark 1. Suppose that all the assumptions of Theorem^ are satisfied. If 



choose -QiQi is hounded, i.e. 



we get 
(2.2) 



d^it^s) 



dtds 



= sup 

oo (t,s)e(a,b)y.(c4) 



d'fit,s) 



dtds 



< oo, 



a+b c+d 
2 ' 2 

d 

I 



1 



(d-c) 



a + b 



1 



2 

b rd 



y]dy 



{b - a) J a 



fix 



c + d 



dx 



(b - a) (d - c) J a 



f {x, y) dydx 



< 



(b - a) (d - c) 
16 



d'fit,s) 



dtds 



which is the inequality ( | j.Tp . 

Theorem 8. Let f : A — [a,b] x [c, d] — > M fee a partial differentiable mapping on 



A = [a, b] X [c, d] . // 



dtds 



, q > 1, is a convex function on the co-ordinates on A, 
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then the following inequality holds; 
' a + b c + 



(2.3) 



< 



-Yu T / / f{x,y)dydx 

a) [d - c) J a 



I 



a + b 



{d-c)J, ' V 2 
(6 -a){d- c) 
4(p + l)i 



V]dy 



1 



{b - a) J a 



fix, 



c + d 



dx 



dtda ^) 



+ 



dtds 



^{b,c) 



Proof. From Lemma 2, we have 

' a-\-b c + d\ 1 



/ 



b nd 



1 



< 



[d-c) 

1 



{b -a){d- c) J a 



2 

6 



f [x, y) dydx 



f ( X, ^-i-^ 1 dx 



\P {x,t)q{y,s) 



{b-a)J, ■' V^' 2 

9^/ fb — t t — a d — s s — c 



dtds \b — a 



''d-c 



(b -a){d- c) 7„ 

By applying the weh- known Holder inequality for double integrals, then one has 
'a + b c + d^ ' 



dsdt 



(2.4) 



/ 



2 ' 2 



+ 7?^ TTTi T / / f{x,y)dydx 

[b -a){d~ c) 



1 



< 



(d-c) 
1 



a + b 



y]dy 



1 



f x 



c + d 



{b - a) J a 
/ / \p{x,t)q{y,s)fdtds 

,J a J c 



dx 



{b -a){d- c) 

' rh rd Q2j /^^-^ f_a d-S S-C 



c + 



dtds \ b — a b — a ' d — c d — c 



dsdt 



Since 

[a,b] X [c,d 



is a co-ordinated convex function on A, we can write for all {t, s) e 
d'^ffb — t t — a , d — s s — c 



-a + 



-c + 



dtds \b — a b — a d — c d — c 



-d 



< 



b-t 

b — a 
t — a 

+ 



d'^f ( d-s s-c , 
a, c + -; d 



dtds \ ' d — c" ' d — c 
d'^f f,d — s s — c 



b — a 



b, 



c + 



dtds \ d — c d — c 
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and 
(2.5) 



d^f f b — t t — a d — s s — c 
■a + b,— cH — : a 



< 



dtds \b 
b-t\ fd- 



d-, 



b — a J \ d — c 



+ 



b-t 
b — a J \d — c 

t ^ a\ f d — s 



dtds 



(a,c) 



b ~ a J \d — c 
t — a\ ( s — c 



dtds 



J) — a J \d — c 
Using inequality of (|2.5p in (|2.4p . we get 



dtds 



dtds 



{a,d) 
ib,c) 
{b,d) 



f 



a + b c + d 



f 



1 



6 pd 



< 



id~c) 
[b -a){d- c) 



(6 -a){d- c) 
a+b \ , 1 



,y]dy 



{b - a) J a 



f ix,y) dydx 



dx 



4(p + l)f 
where we have used the fact that 



\p{x,t)q{y,s)f dtds] = 



4(p+ l)t 



This completes the proof. 



□ 



Remark 2. Suppose that all the assumptions of Theorem [3 are satisfied. If we 
led, i.e., 

d^f{t,s) d^fit,s) 



choose is bounded, i.e. 



dtds 



= sup 

oo {t,s)e{a,b)x{c,d) 



dtds 



< oo, 



we get 
(2.6) 



a + b c + d 
2 ' 2 



(d-c) 



1 



2 

b rd 



V]dy- 



1 



{b - a) J a 



f[x 



dx 



[b -a){d- c) J a 



f {x, y) dydx 



< 



(b -a){d- c) 
4(p+ l)p 



d'f{t,s) 
dtds 



M. EMIN OZDEMIR*, HAVVA KAVURMACI*'*, AHMET OCAK AKDEMIR*, AND MERVE AVCI* 



Theorem 9. Let / : A = [a, 6] x [c, d] ^ R be a partial differentiable mapping on 



A=[a,6]x[c,d].// 



dtds 



, q > 1, is a convex function on the co-ordinates on A, 



then the following inequality holds; 



(2.7) 



< 



2 ' 2 



/ 



{b -a){d- c) 



(d-c) 

{b -a){d- c) 
16 



a + b 



2 'yj'^y-jb 



^(a,c)-+ Uib,c)-+ ^Aa,d)-+ ^(b,d) 



nU pa 

/ f{x, y) dydx 

J a J c 

I 



dx 



Proof. Prom Lemma 2, we have 



id 



a + b c + d 
2 ' 2 



+ 71 — vn — \ / / / y) ^y^^ 

[b -a){d- c) J a 



a + b 
2-'^j^^ (6 



1 

-a) J a 



fix 



c + d 



dx 



< 



1 



(6 -a){d- c) 

rb rd 



\P {x, t) q {y, s) 



f (b — t t — a^d — s s — c, 
a+- 0, c+- d 



dtds \b — a b — a ' d — c d — c 



dsdt 



By applying the well-known Power mean inequality for double integrals, then one 
has 



a+b c+d 



b rd 



[b -a){d- c) y„ 



/ {x, y) dydx 



1 



(2.1) 



{d-c) 
1 



/ ( —^^y ) dy 



{b -a){d- c) 



b d 



(b - a) J a 
/ / \p{x,t)q{y,s)\dsdt 

J a Jc 



f [ X, ^^-^ 1 dx 



j j \P {x,t)q{y,s)\ 



d^I (b — t t — a d — s s — c 



-a + 



c + 



dtds \b — a b — a d — c d — c 



-d 



dsdt 
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Since 



dtds 

\a, b] X [c, d 



(2.9) 



is a co-ordinated convex function on A, we can write for all (t, s) S 

d^f f b — t t — a d — s s — c 



< 



dtds \b ~ a 
b-t\ I'd- 



— a a — 



d-< 



b — a / \ d — c 



b-t 



b- 


a 


t - 


a 




a 


t - 


a 


b- 


a 



dtds 
d'f 



(a,c) 



dtds 
d''f 



dtds 
d'f 



dtds 



{a,d) 
{b,c) 
{b,d) 



If we use (1231) in (|2^ . we get 



a + b c + d 



1 



1 



6 pd 



< 



[d-c) 

1 



(6 -a){d- c) J a 
a + b 



,y] dy 



1 



ib - a) A 



fix,y) dydx 



dx 



b nd 



{b -a){d- c) 



b pd 



X 



\P {x,t)q{y,s)\ 



\P {x.t)q{y,s)\dsdtj 
d^f fb — t t — a d — s s — c 



la J c 

hence it follows that 
'a + 6 c -I- d 



dtds \ b 



b i-d 



1 



< 



[d-c) 

1 



(6 -a){d- c) 
a + b 



,y]dy 



1 



b — a d — 

/ {x, y) dydx 
c + d 



dsdt 



b nd 



{b -a){d- c) 
rb rd 



\P ix,t)q{y,s)\ 



ib - a) A 
\P ix,t)q{y,s)\dsdt 
b — t\ f d ~ s 



dx 



b ^ a I \ d — c 



r 

d'f 



dtds 



(a,c) 



t — a\ f d — 



b — a J \ d — c 



d^f 



dtds 



ib,c) 



t — a\ (s — c 



6-1 



d- , 



92/ 



b-t\ fs~c 
b — a) \d — c 

9' 



dtds 



[a,d) 



dtds 



(6,d) 



Computing the above integrals and using the fact that 



b nd 



\P ix,t)q{y,s)\dtds 



{b-af{d-cf 
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This completes the proof. □ 



3. INEQUALITIES FOR CO-ORDINATED s-CONVEX FUNCTIONS 
To prove our main results we need the following lemma: 

Lemma 2. Let f : A cM? ^ M. be an absolutely continuous function on A where 
a < b, c < d and A e [0, 1], if e L (A), then the following equality holds: 



f {a, c) + r^f (g, d) + n/ (6, c) + nr^f {b, d) 
{ri + 1) (r2 + 1) 

+71 — In — \ / / fi^'y)dxdy 
{b-a){d-c)J^ ic 



r2 



r2 + 1 / d — c 



r2 



r2 + 1 y b 

(b-a){d-c) 
(ri + 1) (r2 + 1) 



f{hy)dy 



f{x, d)dx 



ri + 1 / d - c J^. 



f{a, y)dy 



r2 + 1 / 6 



c)dx 



((ri + l)t-l)((r2 + l)A-l) 



Jo 



dtdX 



{tb +{l-t) a, Ad + (1 - A) c) rftrfA 



/or some fixed r\,r2 G [0, 1] . 
Proof. Integration by parts, we get 



^ ^ ((ri + l)i-l)((r2 + l)A-l)^(t6+(l-i)a,Ad+(l-A)c)dtdA 



((r2 + l)A-l) 



((ri + 1) t - 1) {tb +{l-t) a, Xd+{1- A) c) dtdA 







5t9A 



= /■\(r2 + l)A-l) 

JO 



((ri + l)t-l)a/ 



hi r 

a Jo 



dX 



{b - a) dX 
{tb +{l-t) a, Ad + (1 - A) c) dt 



{tb+{l-t) a,Xd+{l-X) c) 
dX 



^ ^ {{n + l)t-l){{r2 + l)X-l)^L{th+{l-t)a,Xd+{l-X)c)dtdX 

/\(r2 + l)A-l) 

Jo 



^-^ (6, Ad + (1 - A) c) + K (a, Ad + (1 - A) c) 



ri 



a Jo 



dl 

dx 



b — adX 



{tb +{l-t) a, Ad + (1 - A) c) dt 



b — adX 



dX 



SOME INTEGRAL INEQUALITIES 
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((r2 + l)A-l) 



{b, Ad + (1 - A) c) + (a, Ad + (1 - A) c) 



b — adX 



[ K (t6 + (1 - t) a, Xd+{1- A) c) dt 

Jo CA 



ri + 1 
^- a JO 

ri ((r2 + l)A-l) 
6 — a d — c 

1 ((ra + 1) A - 1) 



+ 



b — a 

ri + l 



d — c 



f{b,\d+{l-X)c) 



f{a,Xd+{l - A) c) 



6 — a 9A 
dA 

ri (ra + 1) 
(6-o)(d-c) 

(r-2 + 1) 



(^'-a)('^-c) io 

-/ / {{r2 + l)X-l)%itb + {l-t)a,Xd+il-X)c)dX 
Jo Uo <^A 



/ f{b,Xd+{l-X)c)dX 
Jo 

f (a, Ad + (1 - A) c) dA 
dt. 



Computing these integrals and by using the results, we obtain 



Jo Jo 



o2 £ 

+ 1) A - 1) {tb +{l-t) a, Ad + (1 - A) c) dtdA 



[/ (a, c) + r2f (a, d) + n/ (6, c) + nra/ {b, d) 



{b-a){d~c) 

-ri(r2 + l) / /(6,Ad+(l-A)c)dA-(r2 + l) / /(a. Ad + (1 - A) c)dA 

70 ^0 

-r2(ri + l) / /(i6+(l-i)o,d)dt-(r2 + l) / + (1 - a, c)dt 
JO Jo 

(ri + 1) (r2 + 1) / / /(i6+(l-i)o,Ad+(l-A)c)didA . 
Jo Jo 



Using the change of the variable x = tb + [1 — t)a and y = Ad + (1 — A) c for 
t, A e [0,1] and multiplying the both sides by (^^^fj^^^, we get the required 
result. □ 



Theorem 10. Let f : A = 

continuous function on A. If 



a, b\ X [c, d] C [0, oo)^ — >■ [0, oo) be an absolutely 
is s— convex function on the co-ordinates on 



dtdX 
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A, then one has the inequality: 

f (a, c) + ra/ («, d) + nf (6, c) + nrs/ (6, d) 



(3.1) 



d — c 
1 

b — a 



in + 1) (ra + 1) 

l-d 



r2 + l 

^2 



lmy)dy+[^^ 



+ 1 

1 



r2 + 1 

















c)dx 







< 



{b-a){d-c) 



(ri + l)(r2 + l)(s + l)'(s + 2)' 



X [A'lN 
+KM 



dtdX 



dtdX 



(a, c) + LN 
{b, c) + KL 



dtdX 



dtdX 



{a,d) 
{b,d) 



where 



M 



N = ^s + l + 2(r2 + l) 
L = (r2(s + l) + 2 



ri 



s+2 



1 



ri + 1 
r2 + l 

s+l 



■ n 



s+2 



- r-2 



r2 + 1 



K 



ri(s + l) + 2 



1 



ri + 1 



s+l 



1 . 



Proof. Prom Lemma 3, we can write; 

/ (a, c) + r2/ (a, d) + nf {b, c) + nrs/ (6, d) 



(ri + 1) (r2 + 1) 



ib~a){d 



r2 



r2 + lj d 



r-2 



,r2 + lj b-aJa 
{b-a){d-c) 

(ri + 1) (r2 + 1) 
/•I ^1 

X 



/(x, d)dx 



f f |((ri + l)i-l)((r2 + l)A-l)| 
Jo Jo 



dtdX 



{tb + (1 - i) a, Xd+{1- X) c) 



dtdX 
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/ {a, c) + ra/ (a, d) + nf {b, c) + nra/ {b, d) 



r2 



r2 + 1 / d — c 



(ri + 1) (r2 + 1) 



f{b,y)dy- 



ri + 1 / d — c 



f{a,y)dy 



7-2 



+ 



r2 + 1 y b 
1 

{b-a){d-c) J a 

{b-a)(d-c) 
(ri + 1) (r2 + 1) 



— / f{x,d)dx- ( — [ f{x,c)d2 
-aJa \r2 + lj b-a 



f{x,y)dxdy 



[ \f |((ri + l)t-l)((r2 + l)A-l)| 
^0 L-'o 



dtdX 



{b, Ad + (1 - A) c) 



+ {l-tr 



dtdX 



(a, Ad + (1 - A) c) 



dA. 



By calculating the above integrals, we get 



(3.2) ^'|((r-i + l)f-l)||t« 



52/ 



5iaA 



(6, Ad + (1 - A) c) 



+(i-ir 



dtdX 



(a,Ad+ (1 - A)c) 



dt 



= ^"^^(l-(ri + l)i)| 
52/ 



fi 



at9A 

(a, Ad + (1 - A) c) 

92/ 



((ri + l)t-l)a' 



1+1 



dtdX 



(b, Ad + (1 - A) c) 
dt 

(6, Ad + (1 - A) c) 



+ (l-ir 
1 



(a, Ad+ (1 - A)c) 



dt 



(s + 1) (s + 2) 
+ ( s + 1 + 2 (n + 1) 



ri(s + l) + 2 



ri + 1 



ri + 1 

s+2 

- r-1 



s+l 



dtdX 



{b, Ad + (1 - A) c) 



aV 



(a, Ad + (1 - A) c) 
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By a similar argument for other integrals, by using co-ordinated s— convexity of /, 
we get 



l((^2 + l)t-l)| 



dtdX 



ib,Xd+{l - A) c) 



,■2+1 





dtdX 



dtdX 



{b,d) 
a, d) 



+ {i-xr 

+ (1-A) 



dtdX 



dtdX 

ay 



dtdX 



{a,Xd+{l - X)c) 
{b,c) jdA 
(a,c) \ dX 



dX 



1 


+ 1) (s + 


2) 


1 




[s + 1) (,s 


+ 2) 


1 




[s + 1) (,s 


+ 2) 


1 




(,s + 1) (,s 


+ 2) 


I these in 


((3:21 



r2 (s + 1) + 2 



1 



7-2 + 1 



r2 {s + 1) + 2 
s + 1 + 2 (r2 + 1) 
s + 1 + 2 (ri + 1) 



1 



r2 + 1 



s+l 



r2 



r2 + 1 



r2 
r2 + 1 



1 

- 1 

s+2 
s+2 



oy 



dtdX 

oy 



dtdX 



ib,d) 
{a,d) 



dtdX 



dtdX 



ib,c) 
(a,c) 



□ 



Corollary 2. (1) If we choose ri — r2 — I in iS. 1]) . we have 
(33) fia,c)+fia,d) + f{b,c) + f{b,d) 



1 



d — c 
1 



[f{b,y) + f{a,y)]dy 



b — a 



[f{x,d) + ,f{x,c)] dx 



b pd 



< 



(b-a){d-c) 

{b-a){d~c) 
{s + lf (s + 2)' 



f{x,y)dxdy 



dtdX 



(a,c) + 



oy 



dtdX 



{a,d) 



oy 



dtdX 



oy 



dtdX 



{b,d) 



(2) If we choose ri ~ r2 = in iS. we have 



/(a,c) 



d ~ c 



fia,y)dy 



b ~ a 



f{x, c)dx 



1 



b pd 



< 



{b-a){d~c) Ja 
{b-a){d~c) 



f{x,y)dxdy 



(s + l) 



dy 



dtdX 



(a, c) + (s + 1) 



oy 



dtdX 



(a, d) + {s + 1) 



dy 



dtdX 



oy 



dtdX 



{b,d) 
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Remark 3. // we choose s = 1 in S3. 3\) . we get an improvement for the inequality 
arm- 



Theorem 11. Let / : A = [a, 6] X [c,d] C [0, oo)^ — > [0,oo) be an absolutely 



continuous function on A. If 



dtdX 



is s~ convex function on the co-ordinates 



on A, for some fixed s G (0, 1] and p > 1, then one has the inequality: 



(3.4) 



/ (a, c) + r2f (a, d) + nf (6, c) + r,r2f (6, d) 



r2 



r2 + 1 / d — c 



in + 1) (r2 + 1) 

d 

f{b,y)dy - 



1 



1 



1 



r2 



1 



r2 + 1 / b - a 

^ i-b i-d 



/(x, d)dx 



ri + 1 / d — c 
1 \ 1 



f 2 + 1 / - a 



f{a,y)dy 



/(x, c)(ia: 



f{x,y)dxdy 



{b-a){d-c) 



(6-a)(d~c) 
(ri + 1) (r2 + 1) 



p+i \ / p+i 



(n + l)p (ra + 1)" [p+l]" 



f 



(6,c) 



/or some /ixed ri, r2 £ [0, 1] , where q = ^j^- 

Proof. Let p > 1. From Lemma 3 and using the Holder inequality for double inte- 
grals, we can write 



/ (a, c) + r2f (a, d)+r^f (6, c) + rir2/ (6, d) 



'"2 



r2 + 1 / rf - c 



{ri + 1) (r2 + 1) 



f{b, y)dy 



ri + 1 J d — c 



r2 



1 



r2 + 1 / b - a 



f{x, d)dx — 



r2 + 1 / b - a 



fia,y)dy 



f{x, c)dx 



{b-a){d~c) 
(b-a){d-c) ^ 



(ri + 1) (r2 + 1) \Jo 



^0 



d^f 

dtdX 



f{x,y)dxdy 

((ri + 1) i - 1) ((ra + 1) A - l)r rftdA 
dtdX 



itb+ (1 -t)a,Xd+ (l - X)c) 
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Since 



dtdX 

t,Ae [0,1] 



IS 



s— convex function on the co-ordinates on A, we can write for 



< t 



dtdX 
dtdX 



{tb+{l-t)a,Xd+{l-X) c) 



(5, Ad+(1-A) c) 



dtdX 



(a,Ad+ (1 - A)c) 



and 



dtdX 



{tb+{l-t)a,Xd+{\-X) c) 



< f'X 



dtdX 
+X' (1 - 1) 



{b, d) + t'{i~xY 



dtdX 



{b,c) 



dtdX 



{a,d) + {i-xY {i-ty 



dy 

dtdX 



(a,c) 



thus, we obtain 



/ (a, c) + r2/ (a, d) + n/ (6, c) + nrz/ (&, d) 



b nd 



[ri + 1) (r2 + 1) 



(&-a)(d-c) 



f{x,y)dxdy 



r2 



1 



r2 + 1 / d - c 



r2 



r2 + 1 / b - a 
( 



f{b, y)dy - 



1 



ri + 1 / d — c 



(&-a)(rf-c) 
(ri + 1) (r2 + 1) 





p+1 \ 




p+i \ 











(ri + l)f (r2 + l)p (p+ l)p 



r2 + 1 / - a 



f{a,y)dy 



f{x,c)dx 



atdx 



(a,c) 



OtOX 



{a,d) 



dtdX 



{b,c) 



atax 



{b,d) 



Which completes the proof of the inequality p.4p . 



□ 
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Corollary 3. (1) Under the assumptions of Theorem 12, if we choose ri — r2 — 1 
in 113.4^, we have 



(3.5) 



fia,c) + fia,d) + f{b,c) + fib,d) 



1 



d ~ c 
1 



[fib,y) + fia,y)]dy 



b ~ a 



[f{x,d) + f{x,c)] dx 



b nd 



{b-a){d-c) 
(b^a){d~c) 
4(p + l)i 



f{x,y)dxdy 



dtdX 



(a,c)+ M mk'ib,c)+ ^■{b,d) 



(2) Under the assumptions of Theorem 12, if we choose ri = r2 = in ^3^, we 
have 



f (a, c) 



d ^ c 



f{a,y)dy 



b — a 



f{x, c)dx 



b pd 



{b-a){d-c) 
{b~a){d-c) 



f{x,y)dxdy 



(p+l)^ 



dtdX 



ia,c)+ ^'{a,d)+ ^ '{b,c)+ ^ ' {b,d) 



Remark 4. // we choose s = 1 in H3.5\) . we obtain an improvement for the inequal- 
ity ifm) . 



Theorem 12. Let f : A ^ [a,b] x [c,d] C [0, oo)'^ — > [0,oo) be an absolutely 



continuous function on A. // 



dtdX 



is s— convex function on the co-ordinates on 



M. EMIN OZDEMIR*, HAVVA KAVURMACI*'*, AHMET OCAK AKDEMIR*, AND MERVE AVCI* 

A, for some fixed s G (0, 1] and q>l, then one has the inequality: 



f (a, c) + r2f (a, d) + nf {b, c) + nr^f {b, d) 



+ 71 ^/ / f{x,y)dxdy 

{b-a){d-c) J„ 



r2 



r2 + 1 / d 



in + 1) (r2 + 1) 



< 



- (^) bhlj^^^'^'^-{^) bhO^^'^^'^ 

(p-a){d-c) ( (l + r2)(l + ri) V"' 



(ri + 1) (r2 + 1) U (n + 1) (r2 + 1) 



MN 



dtdX 



{a, c) + LN 



dtdX 



{a,d)+KM 1^ ib,c) + KL 



dtdX 



ib,d) 



{s + lf {s + 2f 



for some fixed r\,r2 € [0, 1] . 

Proof. From Lemma 3 and using the well-known Power-mean inequality, we can 
write 



/ {a, c) + r2f [a, d) + r^J (b, c) + m^f (b, d) 



Iri T / / f{x,y)dxdy 

-a){d-c) i„ 



(ri + 1) (r2 + 1) 



1 



r2 + 1 / d - c 



r2 



1 



fib,y)dy 



f{x, d)dx 



ri + 1 / d — c 



1 



1 



j2 + I J b — a J ^ \r2 + ij b — a 

{b-a){d-c) ' '-^ '-^ 



fia,y)dy 



f{x, c)dx 



(,^^,)(,^^,^^//l((n + l).-l)((r2 + l)A-l)|.MA) ' 
x(_^'_^'|((ri + l)t-l)((r2 + l)A-l)| 



5V 



dtd\ 



{tb + {I - t) a,\d + {I - \) c) 



dtdX 



^^^^^ dtdx 
i,Ae[0,l] 



is s— convex function on the co-ordinates on A, we can write for 



< f 



dtdX 

d'f 
dtdX 



{tb+{l-t)a,Xd+{l-X) c) 



(6, Xd+{1-X) c) 



+ {l-tr 



d'f 
dtdX 



{a, Ad-l-(l-A) c) 
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and 



dtdX 



{tb+{l - t)a,\d+il - A) c) 



dtdX 



{b, d) + t'{i-xY 



dtdX 



(6,c) 



dtdX 



{a,d) + {l-XY [i-ty 



dtdX 



(a,c) 



hence, it follows that 

/ (a, c) + r2f (a, d) + rj (b, c) + nr^f (b, d) 



(n + 1) (r2 + 1) 



r2 



1 



r2 + 1 / d — c 



fib,y)dy 



1 



ri + 1 / d — c 



(3.6) 



^^2 



1 



f 2 + 1 / b - a 

I i-b I'd 



r2 + 1 / b - a 



I{a,v)dy 



f{x, c)dx 



f{x,y)dxdy 



< 



{b-a){d-c) Ja 

ib-a){d-c) ( (l + rf)(l + ri) 



(ri + l)(r2 + l) \^4(ri + l)(r2 + l)^ 
X {^f^ j\{{r, + l)t-l){{r2 + l)X-l)\{t^X^ 

(1 - A) 



dtdX 



ib,d) 



dtdX 



(6, c) + A^(l-i)' 



9V 



dtdX 



{a,d) 



dtdX 



(a, c) > dtdX 



By a simple computation, one can see that 

' '''|((ri + l)i-l)((r2 + l)A-l)|a^A 



"'0 

+t' (1 - A) 



dtdX 
+ (l-A)^(l-t)^ 



{b,c) + X' [l-tf 



dtdX 



dtdX 



(a, c) > dtdX 



MN 



dtdX 



(a, c) + LN 



dtax 



{a,d)+KM 



dtdX 
{a,d) 



(b,d) 



dtax 



{b, c) + KL 



dtax 



{b,d) 



where if, L, M and N as in Theorem 11. By substituting these in p.6p and 
simplifying we obtain the required result. □ 
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Corollary 4. (1) Under the assumptions of Theorem 13, if we choose ri = r2 — 1, 
we have 

f{a,c) + f{a,d) + f{b,c) + f{b,d) 



1 



d — c 
1 



[fib,y) + fia,y)]dy 



b ^ a 



[fix,d) + f{x,c)]dx 



b pd 



< 



{b-a){d~c) 



{b-a){d -c) fiy ^ 
MN 



f{x,y)dxdy 



dtdX 



{a,c) + LN £L {a,d) + KM £L (b,c)+KL 



dtdX 



{b,d) 



[s + lf is + 2f 

(2) Under the assumptions of Theorem 13, if we choose ri = r2 = 0, we have 



f{a,c) 



d — c 



1 



{b-a){d-c) Ja 



f{a,y)dy 



b ~ a 



f{x,y)dxdy 



f{x, c)dx 



< {b-a){d-c) 



MN 



atdx 



\a,c) + LN £L\a,d) + KM £L\b,c)+KL i^\b,d) 



(s + lf is + 2f 

Remark 5. Under the assumptions of Theorem 13, if we choose ri = r2 = 1 and 
s = 1, we have an improvement for the inequality Jj.^p . 
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